Introduction and motivation {#Sec1}
===========================
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In this paper a new estimator using event weights and a $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$ (i.e. *P* or *A*) are discussed and compared. Section [2.2](#Sec4){ref-type="sec"} introduces the new method. Possible extensions of this new weighting/fitting method are discussed in Sect. [3](#Sec7){ref-type="sec"}.

Estimators to determine azimuthal asymmetries {#Sec2}
=============================================

In general one can distinguish two classes of estimators: estimators using event counts, discussed in Sect. [2.1](#Sec3){ref-type="sec"} and estimators using event weights, discussed in Sect. [2.2](#Sec4){ref-type="sec"}.

Estimators using event counts {#Sec3}
-----------------------------
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Fig. 1Definition of azimuthal angle and accepted events. The beam moves in *z*-direction, i.e. out of the plane
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Another possibility is to consider estimators of the type$$\documentclass[12pt]{minimal}
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Common to these estimators is that they reach the same statistical error $\documentclass[12pt]{minimal}
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Error propagation from Eqs. ([5](#Equ5){ref-type=""}) or ([6](#Equ6){ref-type=""}) leads to$$\documentclass[12pt]{minimal}
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The full line in Fig. [2](#Fig2){ref-type="fig"} shows the FOM calculated according to Eq. ([9](#Equ9){ref-type=""}) for different $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi $$\end{document}$-ranges. Increasing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi _{max}$$\end{document}$, the FOM increases first. Around $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi _{max}\approx 65^{\circ }$$\end{document}$ it starts to decrease. The reason is that one adds more and more events where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\cos (\varphi )$$\end{document}$ is small. These events carry less information on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon $$\end{document}$ and dilute the sample in the way the analysis is performed. This clearly shows that this cannot be the optimal strategy. In the next section estimators will be discussed where the FOM reaches the dashed line, which corresponds to the Cramér--Rao bound.Fig. 2Figure of merit (FOM) for estimators using event counts and event weighting, calculated analytically (lines) and from MC simulation (symbols)

Estimators using event weights {#Sec4}
------------------------------

In this section estimators are discussed which use event weights instead of event counts as in the previous subsection. In Ref. \[[@CR8]\] weighted sums $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$. To cancel acceptance effects the authors propose to combine the event distributions from the two polarisation states. They do not address the question how to deal with different luminosities in the two different polarisation states. The method was applied in Ref. \[[@CR9]\] where an azimuthal symmetry of the detector is assumed. It is also shown in Ref. \[[@CR8]\] that with this weighting procedure the FOM reaches the Cramér--Rao bound as does the unbinned likelihood method. An unbinned likelihood method was used in Ref. \[[@CR10]\]. It is not straight forward to apply because the probability density function is not completely known. Acceptance effects have to be verified using a Monte Carlo simulation.

Now a new method, reaching the Cramér--Rao bound as well, is introduced. The advantage is that no knowledge about the acceptance is required (as long as it is the same for both data sets, as in any other method) and no corrections concerning the luminosities have to be applied. On the contrary, information on the acceptance and luminosity factor $\documentclass[12pt]{minimal}
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We consider the following six observables$$\documentclass[12pt]{minimal}
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General discussion on the figure of merit {#Sec5}
-----------------------------------------
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Results of simulations {#Sec6}
----------------------

In this subsection we crosscheck the results of the previous subsections and discuss possible bias with the help of Monte Carlo simulations. A Monte Carlo simulation with $\documentclass[12pt]{minimal}
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The circles in Fig. [2](#Fig2){ref-type="fig"} show the FOM obtained from the RMS of 1000 simulations where the analyzing power was calculated according to Eq. ([5](#Equ5){ref-type=""}) for various values of $\documentclass[12pt]{minimal}
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Possible extensions {#Sec7}
===================

This subsection discusses some extensions which can be applied to the weighting/fitting method but in general not easily to the other methods.
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                \begin{document}$$a_3$$\end{document}$ to zero resulting in a fit with 6 equations for 5 unknowns, which makes a $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi ^2$$\end{document}$ test possible. It is also possible to add a data set with unpolarized beam to the fit. This is for example useful if the two polarisations $\documentclass[12pt]{minimal}
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                \begin{document}$$P^\downarrow $$\end{document}$ are different and not known.

It is interesting to note that the method introduced here, especially for the case were the number of equations exceeds the number of parameter is a special case of the "Generalized Method of Moments" (GMM) widely used in economics (e.g. see Refs. \[[@CR13], [@CR14]\]).

Summary and conclusion {#Sec8}
======================

Two types of estimators to extract azimuthal asymmetries have been compared. One is based on event counts and one on event weighting. It was shown that estimators just using event counts do not use the full information contained in the data. This is reflected in the fact that the figure of merit is smaller than in methods where events are weighted with an appropriate weight. The optimal weight for azimuthal asymmetries is $\documentclass[12pt]{minimal}
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                \begin{document}$$\cos (\varphi )$$\end{document}$. It can also be shown that using this weight, the FOM is the same as in a maximum likelihood method reaching the Cramér--Rao limit of the lowest possible statistical error.

Among the estimators using event weights the method introduced in this paper has the advantage that no knowledge about the acceptance is required and no correction due to possible difference in luminosity has to be applied. On the contrary, the method even provides information on the azimuthal dependence of the acceptance. The method is easily extendable to more observables.

Covariance matrix of observables {#Sec9}
================================

The covariance matrix for the observables$$\documentclass[12pt]{minimal}
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Figure of merit for cross ratio counting and weighting/fitting method {#Sec10}
=====================================================================

FOM of counting methods {#Sec11}
-----------------------
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FOM of weighting methods {#Sec12}
------------------------
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